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ABSTRACT

Component-wise circuit modeling, also known as “white-box”
modeling, is a well established and much discussed technique in
virtual analog modeling. This approach is generally limited in ac-
curacy by lack of access to the exact component values present in
a real example of the circuit. In this paper we show how this prob-
lem can be addressed by implementing the white-box model in a
differentiable form, and allowing approximate component values
to be learned from raw input–output audio measured from a real
device.

1. INTRODUCTION

Digital emulation of analog audio circuits, also known as virtual
analog (VA) modeling, is a highly active and mature field of re-
search within musical signal processing. Over more than 20 years,
research in the field has covered a wide variety of audio systems
such as analog synthesizers [1, 2], effects units [3–5] and vacuum
tube guitar amplifiers [6].

VA modeling techniques are commonly divided into two main
categories depending on their scope: “white-box” and “black-
box”. White-box modeling consists in deriving and discretizing
the underlying governing equations of a circuit by means of cir-
cuit analysis and standard numerical methods. Due to the labor
intensive nature of this process, particularly for the case of large
circuits with multiple nonlinearities, a vast proportion of research
in this field has focused on the development of automated general-
purpose circuit modeling frameworks [7–11]. A key characteristic
of white-box modeling is that it requires full knowledge of the
circuit under study, ideally through circuit schematics and compo-
nent datasheets. In cases where schematics are not readily avail-
able these have to be traced manually from the physical circuit.
Furthermore, determining exact component values requires them
to be measured in isolation from the circuit, which is not only im-
practical but can also compromise the integrity of the circuit.

The black-box approach, on the other hand, does not rely on
access to the internals of the system under study and is based en-
tirely on measurements. This process requires designing a general-
purpose parametric structure that can be tuned manually or opti-
mized automatically to replicate the input–output relationship ex-
hibited by the captured data. For linear systems, this process is
somewhat trivial, as this relationship is fully described by their
impulse response. However, for the case of nonlinear systems
with memory, such as guitar amplifiers and pedals, more com-
plex structures and optimization techniques are required. Exam-
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ples of black-box VA modeling techniques include the Volterra se-
ries [12], dynamic convolution [13, 14] and block-oriented struc-
tures such as Wiener-Hammerstein models [15,16]. In some cases,
partial knowledge of the internals of the system is used in the de-
sign of a black-box modeling system at the cost of generality. In
such cases, the term “gray-box” modeling is commonly used [17].

The rise in popularity of Machine Learning (ML), and deep
learning in particular, has seen the emergence of new lines of re-
search in the field of VA modeling. A portion of this research has
focused on the use of standard deep-learning architectures, such
as Convolutional Neural Networks (CNNs) and Recurrent Neu-
ral Networks (RNNs), to produce black-box models of analog au-
dio systems such as vacuum tube amplifiers [18–21], guitar dis-
tortion circuits [22] and modulation effects [23]. Other research
has formulated the problem in a form that could be described as
gray-box or pseudo white-box [24], where the governing equations
for the system under study are discovered and approximated from
measurements of the input, output and internal state values. Ap-
proaches have also been proposed that attempt to characterise a
wide class of audio-effects as transformations of the latent-space
of an autoencoder-like structure [25].

In a recent study, Engel et al. pointed out that the use of stan-
dard deep-learning structures, known for their universality, can of-
ten lead to overengineered, inefficient and uninterpretable solu-
tions for certain audio signal processing tasks [26]. To remedy
this, the authors introduced the DDSP library, a set of differen-
tiable classical DSP processors that can be integrated into larger
deep learning models for end-to-end training using backpropaga-
tion. These differentiable blocks enable the encoding of structural
and domain knowledge into the network, hence potentially reduc-
ing model size and training times.

In our previous work, we extended the scope of DDSP and
studied the relationship between RNNs and IIR filters, proposing
three differentiable IIR filter topologies [27]. As an example appli-
cation, we presented a fixed (i.e. without user-facing parameters)
VA model of a nonlinear guitar distortion pedal implemented using
a differentiable Wiener-Hammerstein model consisting of two IIR
filters and a multilayer perceptron (MLP), a class of feedfoward
artificial neural network. This idea of utilizing differentiable DSP
structures for VA modeling is developed further in a recent arti-
cle by Nercessian et al., where a general modeling architecture
comprised of many cascaded differentiable biquad filters and non-
linear activations is proposed and applied to a guitar distortion cir-
cuit [28].

Following our previous research, in this paper we introduce
the concept of differentiable white-box VA modeling. In a similar
fashion to differentiable IIR filters, discretized circuit models can
be optimized (i.e. trained) using backpropagation to fit raw input–
output measurements from a real device. This technique allows
us to improve the accuracy of white-box VA models by compen-
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sating for errors introduced, for example, by mislabeled schemat-
ics, component tolerances or parasitic capacitances. Moreover, it
can be used to uncover unknown component values and parame-
ters, as well as potentiometer curves. The proposed approach to
white-box system identification has the advantage that it can be in-
tegrated within larger deep learning models and can benefit from
some of the features of ML frameworks, such as their ability to
handle large amounts of data. Of related interest to this study is
the work of Holmes and van Walstijn [29], who proposed the use
of a Genetic Algorithm to optimize the parameters of a fixed non-
linear treble booster circuit.

This rest of this work is structured as follows. The proposed
method will be outlined for the static case in Sec. 2, alongside a
case study on a linear RC Filter, including results. In Sec. 3 we
discuss how the method can be modified for the parametric case,
with both a linear and a nonlinear case study, including results.
Finally, Sec. 4 provides concluding remarks.

2. STATIC CIRCUITS

In this section, we introduce the proposed method for the case of
static (i.e. non-parametric) circuits. As a first case study, a one-
pole lowpass RC filter is considered.

2.1. Method Outline

In the continuous-time domain we can write the underlying system
of ODEs governing a circuit in state-space form as

ẋ(t) = f(x(t),u(t)) (1)
y(t) = g(x(t),u(t)) (2)

where the vectors x, u and y represent the states, inputs and out-
puts of the system, respectively. Throughout this work, dot no-
tation is used to indicate a derivative taken with respect to time,
i.e. ẋ ≡ dx/dt.

We can extend the state-space formulation to include parame-
ters, giving us

ẋ(t) = f(x(t),u(t) ; λ) (3)
y(t) = g(x(t),u(t) ; λ), (4)

where vector λ is comprised of the system parameters which for
the case of circuits have a physical significance, they represent
the component values and other electrical constants. We then dis-
cretize (3) and (4) to get

xn+1 = fd
(
xn+1 . . .xn−k,un . . .un−k ; λ

)
(5)

yn = gd
(
xn . . .xn−k,un . . .un−k ; λ

)
, (6)

where xn ≡ x[n] is shorter notation for the samples of a discrete-
time signal. Functions fd and gd along with the value of k, which
determines the maximum number of previous sample points used
in the discretazion, will depend on the discretization/numerical
method used.

The task is then to implement this discretized form of the sys-
tem in a framework that allows automatic differentiation of com-
putational graphs, e.g PyTorch or Tensorflow [30, 31], and train
the parameters λ to minimise an appropriate loss metric, based on
measured input–output data of a real example of the system. This
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Figure 1: Schematic for a first-order RC lowpass filter.

implementation step is a relatively trivial task as these frameworks
can handle the operations typically needed in circuit modeling, in-
cluding matrix inversions and nonlinearities. It is worth noting that
usual downsides of back-propagating through a recursive system
apply, particularly the strong growth of computational complexity
and memory usage as longer training sequences are considered,
and the potential for vanishing gradients. Chen et al. [32] present
a solution to these problems via the application of the adjoint state
method to compute the gradient of system at a particular time-step.
This is not applied in this work, but could be useful for more com-
plex circuits if extended to support systems with input.

The loss metric used for training in this work is the standard
Mean Squared Error (MSE) applied directly in the time domain,
but other metrics like Error to Signal Ratio (ESR) or some type of
spectral or perceptually weighted loss metrics could be appropri-
ate [26, 33]. Reference PyTorch implementations for the circuits
considered in this study are provided in the accompanying reposi-
tory1.

2.2. Case Study: RC Filter

The first circuit considered in this study is the first-order RC low-
pass filter shown in Fig. 1. Given the structure of this circuit, we
can expect its governing ODE to be of the form

V̇out(t) = f (Vin(t), Vout(t) ; [R,C]) , (7)

where Vin(t) and Vout(t) represent the input and state/output of the
circuit, respectively, and f is a linear mapping. Using Kirchhoff’s
Voltage Law (KVL) and Kirchhoff’s Current Law (KCL) we can
determine function f , which gives us the ODE:

V̇out(t) =
Vin(t)− Vout(t)

RC
. (8)

The product of parameters R and C forms what is known as the
RC time constant, which has a unit of seconds and determines the
cutoff frequency fc (in Hz) of the filter by fc = 1/ (2πRC).

Next, we discretize (8) using the trapezoidal rule, arriving at
the difference equation

V n
out =

ρ
(
V n

in + V n−1
in

)
+ (1− ρ)V n−1

out

1 + ρ
, (9)

where ρ = Ts/(2RC) and Ts is the sampling period. The trape-
zoidal rule, which in the linear case is equivalent to the bilinear
transform, is widely used in DSP due its desirable stability prop-
erties, as it maps poles located on the left-hand side of the s-plane
to the inside of the unit circle. For the case of a discrete-time RC
filter this stability condition is guaranteed as long as the RC time
factor remains positive real.

1https://github.com/fabianesqueda/
differentiable_va_modeling
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Figure 2: RC Filter Loss Surface

2.2.1. Training and Results

Learning the parameters of an RC circuit involves finding the val-
ues of R and C that minimize a loss metric for a given dataset. To
demonstrate this, a set of measurements from a physical RC cir-
cuit with nominal component values R = 12 kΩ and C = 68 nF
(RC ≈ 8.16 × 10−4 s and fc ≈ 195Hz) were collected. The
circuit was built on a breadboard and the input and output sig-
nals were recorded using an analog-to-digital converter (ADC).
As in [24], unity gain op-amp buffers were placed between the
measurement points and the ADC to prevent loading of the cir-
cuit. A 3-minute long audio signal composed of a logarithmic sine
sweep, followed by a white noise ramp and a combination of gui-
tar, bass and drum recordings, was used for these measurements.
All measurements in this study were performed at a sampling rate
of 96 kHz.

Figure 2 shows the MSE loss surface of (9) w.r.t. the measured
data for different values of R and C. We can clearly see how the
global minimum of this loss surface is not given by a single point,
but rather by an infinitely-long line. This is due to the fact that – at
least in theory – there exists an infinite combination of values of R
and C that will yield any given cutoff frequency. A similar prob-
lem concerning multiple local minima in circuit parameter search
spaces is reported in [29].

As an additional step before training, we introduce two scaling
factors GR and GC so that ρ in (9) is redefined as

ρ =
Ts

2(GRR)(GCC)
. (10)

Rather than learning optimal values for R and C directly, we train
these two scaling factors instead. This nondimensionalization step
is done to compensate for the difference in ranges between these
two parameters, which are several orders of magnitude apart.

The RC filter was trained for 100 epochs on the measured data.
To simulate a scenario in which the original component values are
either wrong or unavailable, parameters R and C in the model
were initialized to 4.7 kΩ and 47 nF, respectively (i.e. RC ≈
0.22ms and fc ≈ 720Hz). Figure (3) shows the magnitude re-
sponse of the RC filter before and after training, plotted against
that of the real circuit. This result shows a good match between
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Figure 3: Magnitude response an RC lowpass filter before and af-
ter training, plotted against the measured target response.

the trained and target responses, and corresponds to a learned RC
time constant of approx. 0.745 ms (for GR = GC = 1.837) or
fc ≈ 224Hz. This represents a 29 Hz difference w.r.t. the nomi-
nal cutoff frequency, indicating the system was also able to learn
variations due to component tolerances. Due to the linear nature
of this system, its behavior is characterized entirely by its impulse
response, regardless of the driving input. Therefore, it is not neces-
sary to evaluate the performance of the trained model on a separate
validation set.

The results from this simple example demonstrate that the pro-
posed technique, while unable to learn the exact component values
of the reference circuit, was able to learn its RC time constant and
hence reproduce its behavior accurately. As detailed in the follow-
ing sections, this same approach can be scaled up to tackle larger
circuits with multiple parameters and even nonlinearities.

3. PARAMETRIC CIRCUITS

Many circuits of interest have system parameters that can be var-
ied according to user input, for example via the variable resistance
of a potentiometer. The nature of the mapping between the user
parameters and the system parameters can vary in complexity de-
pending on the particular circuit and on the type of control mech-
anism used. For example, the control taper of a potentiometer is
defined by the physical shape of the embedded resistive material,
and may not follow an exact linear or logarithmic relationship. We
therefore need to extend the model presented in Sec. 2.1 to account
for this behavior. We can do this by splitting the system parame-
ters λ into two portions, the static parameters λs and the variable
parameters λv, given by:

λv = fv(Λ) (11)

where Λ are the user-facing variable parameters, usually expressed
as normalized values. The function fv can be represented in the
trainable system by an MLP or similar network. This process is
known as hyperconditioning in the general case [34].

3.1. Case Study: FMV Tone Stack

The next circuit considered in this study is the passive RC network
shown in Fig. 4. This circuit is known in the literature as the FMV
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Vout

<latexit sha1_base64="XvVl5rOhRyTcwWhd4IKo18+uSD8=">AAAB9XicbVC7SgNBFJ2NrxhfUUubwSBYSNgVRe0CNpYRzAOSNcxOZpMhszPLzF01Lmn8ChsLRWz9Fzsbv8TCyaPQxAMXDufcy733BLHgBlz308nMzS8sLmWXcyura+sb+c2tqlGJpqxClVC6HhDDBJesAhwEq8eakSgQrBb0zod+7YZpw5W8gn7M/Ih0JA85JWCl62qrCewOkjhVCQxa+YJbdEfAs8SbkEJp/ev7/uwhU27lP5ptRZOISaCCGNPw3Bj8lGjgVLBBrpkYFhPaIx3WsFSSiBk/HV09wHtWaeNQaVsS8Ej9PZGSyJh+FNjOiEDXTHtD8T+vkUB46qdcxgkwSceLwkRgUHgYAW5zzSiIviWEam5vxbRLNKFgg8rZELzpl2dJ9bDoHRWPL71C6QCNkUU7aBftIw+doBK6QGVUQRRp9Iie0Ytz6zw5r87buDXjTGa20R847z/ks5Zf</latexit>

Vout

<latexit sha1_base64="XvVl5rOhRyTcwWhd4IKo18+uSD8=">AAAB9XicbVC7SgNBFJ2NrxhfUUubwSBYSNgVRe0CNpYRzAOSNcxOZpMhszPLzF01Lmn8ChsLRWz9Fzsbv8TCyaPQxAMXDufcy733BLHgBlz308nMzS8sLmWXcyura+sb+c2tqlGJpqxClVC6HhDDBJesAhwEq8eakSgQrBb0zod+7YZpw5W8gn7M/Ih0JA85JWCl62qrCewOkjhVCQxa+YJbdEfAs8SbkEJp/ev7/uwhU27lP5ptRZOISaCCGNPw3Bj8lGjgVLBBrpkYFhPaIx3WsFSSiBk/HV09wHtWaeNQaVsS8Ej9PZGSyJh+FNjOiEDXTHtD8T+vkUB46qdcxgkwSceLwkRgUHgYAW5zzSiIviWEam5vxbRLNKFgg8rZELzpl2dJ9bDoHRWPL71C6QCNkUU7aBftIw+doBK6QGVUQRRp9Iie0Ytz6zw5r87buDXjTGa20R847z/ks5Zf</latexit>

R4

<latexit sha1_base64="XOGt5V1IscojkcdyktyJzHIKoeQ=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM1LRZcGNy/rTWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvzx1TR/eGRK80jemzRmXkiGkgecEmOtu9t+vV+uOjVnJrwK7gKqDdSrfJfyabNf/uwNIpqETBoqiNZd14mNlxFlOBVsUuwlmsWEjsmQdS1KEjLtZbNRJ/jYOgMcRMo+afDM/d2RkVDrNPRtZUjMSC9nU/O/rJuY4NLLuIwTwySdfxQkApsIT/fGA64YNSK1QKjidlZMR0QRaux1ivYI7vLKq9A+q7n12vmNW22cwlwFOIQjOAEXLqAB19CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB85ij6U=</latexit>

R4

<latexit sha1_base64="XOGt5V1IscojkcdyktyJzHIKoeQ=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM1LRZcGNy/rTWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvzx1TR/eGRK80jemzRmXkiGkgecEmOtu9t+vV+uOjVnJrwK7gKqDdSrfJfyabNf/uwNIpqETBoqiNZd14mNlxFlOBVsUuwlmsWEjsmQdS1KEjLtZbNRJ/jYOgMcRMo+afDM/d2RkVDrNPRtZUjMSC9nU/O/rJuY4NLLuIwTwySdfxQkApsIT/fGA64YNSK1QKjidlZMR0QRaux1ivYI7vLKq9A+q7n12vmNW22cwlwFOIQjOAEXLqAB19CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB85ij6U=</latexit>

C1

<latexit sha1_base64="ZejtfbeywtYfJTjyCGhM4m1xE1Y=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM6LostCNy4r2B9qhZNJMG5rJDElGGIY+ghsXirj1idz5MILpz0JbDwQ+zrmX3Hv9WHBtHOcL5TY2t/LbhZ3i7l5p/6B8eNTWUaIoa9FIRKrrE80El6xluBGsGytGQl+wjj9pzPLOI1OaR/LBpDHzQjKSPOCUGGvdNwbuoFx1as5ceB3cJVTrqF/5LuXT5qD82R9GNAmZNFQQrXuuExsvI8pwKti02E80iwmdkBHrWZQkZNrL5qNO8al1hjiIlH3S4Ln7uyMjodZp6NvKkJixXs1m5n9ZLzHBjZdxGSeGSbr4KEgENhGe7Y2HXDFqRGqBUMXtrJiOiSLU2OsU7RHc1ZXXoX1Rcy9rV3dutX4OCxXgGE7gDFy4hjrcQhNaQGEET/ACr0igZ/SG3helObTsqcAfoY8fsvyPkw==</latexit>

C1

<latexit sha1_base64="ZejtfbeywtYfJTjyCGhM4m1xE1Y=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM6LostCNy4r2B9qhZNJMG5rJDElGGIY+ghsXirj1idz5MILpz0JbDwQ+zrmX3Hv9WHBtHOcL5TY2t/LbhZ3i7l5p/6B8eNTWUaIoa9FIRKrrE80El6xluBGsGytGQl+wjj9pzPLOI1OaR/LBpDHzQjKSPOCUGGvdNwbuoFx1as5ceB3cJVTrqF/5LuXT5qD82R9GNAmZNFQQrXuuExsvI8pwKti02E80iwmdkBHrWZQkZNrL5qNO8al1hjiIlH3S4Ln7uyMjodZp6NvKkJixXs1m5n9ZLzHBjZdxGSeGSbr4KEgENhGe7Y2HXDFqRGqBUMXtrJiOiSLU2OsU7RHc1ZXXoX1Rcy9rV3dutX4OCxXgGE7gDFy4hjrcQhNaQGEET/ACr0igZ/SG3helObTsqcAfoY8fsvyPkw==</latexit>

C2

<latexit sha1_base64="W6zSDqxtQrn7FrqG6LyNSl1mQE0=">AAAB6nicbZDLSgMxFIZPvNRarVa7dBMsggspM0XRZaEblxXtBdqhZNJMG5rJDElGGIY+ghsXirj1idz5MILpZaGtPwQ+/v8ccs7xY8G1cZwvtLG5tZ3bye8W9vaLB4elo+O2jhJFWYtGIlJdn2gmuGQtw41g3VgxEvqCdfxJY5Z3HpnSPJIPJo2ZF5KR5AGnxFjrvjGoDUoVp+rMhdfBXUKljvrl72IubQ5Kn/1hRJOQSUMF0brnOrHxMqIMp4JNC/1Es5jQCRmxnkVJQqa9bD7qFJ9ZZ4iDSNknDZ67vzsyEmqdhr6tDIkZ69VsZv6X9RIT3HgZl3FimKSLj4JEYBPh2d54yBWjRqQWCFXczorpmChCjb1OwR7BXV15Hdq1qntZvbpzK/ULWCgPJ3AK5+DCNdThFprQAgojeIIXeEUCPaM39L4o3UDLnjL8Efr4AbSAj5Q=</latexit>

C2

<latexit sha1_base64="W6zSDqxtQrn7FrqG6LyNSl1mQE0=">AAAB6nicbZDLSgMxFIZPvNRarVa7dBMsggspM0XRZaEblxXtBdqhZNJMG5rJDElGGIY+ghsXirj1idz5MILpZaGtPwQ+/v8ccs7xY8G1cZwvtLG5tZ3bye8W9vaLB4elo+O2jhJFWYtGIlJdn2gmuGQtw41g3VgxEvqCdfxJY5Z3HpnSPJIPJo2ZF5KR5AGnxFjrvjGoDUoVp+rMhdfBXUKljvrl72IubQ5Kn/1hRJOQSUMF0brnOrHxMqIMp4JNC/1Es5jQCRmxnkVJQqa9bD7qFJ9ZZ4iDSNknDZ67vzsyEmqdhr6tDIkZ69VsZv6X9RIT3HgZl3FimKSLj4JEYBPh2d54yBWjRqQWCFXczorpmChCjb1OwR7BXV15Hdq1qntZvbpzK/ULWCgPJ3AK5+DCNdThFprQAgojeIIXeEUCPaM39L4o3UDLnjL8Efr4AbSAj5Q=</latexit>

C3

<latexit sha1_base64="ITvkNPR2954eCEjsZrCfKsmig8M=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM/6gy0I3LivaWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvxxY5o/PDKleSTvTRozLyRDyQNOibHWXaN/3i9XnZozE14FdwHVOupVvkv5tNkvf/YGEU1CJg0VROuu68TGy4gynAo2KfYSzWJCx2TIuhYlCZn2stmoE3xsnQEOImWfNHjm/u7ISKh1Gvq2MiRmpJezqflf1k1McO1lXMaJYZLOPwoSgU2Ep3vjAVeMGpFaIFRxOyumI6IINfY6RXsEd3nlVWif1dyL2uWtW62fwlwFOIQjOAEXrqAON9CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB7YEj5U=</latexit>

C3

<latexit sha1_base64="ITvkNPR2954eCEjsZrCfKsmig8M=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM/6gy0I3LivaWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvxxY5o/PDKleSTvTRozLyRDyQNOibHWXaN/3i9XnZozE14FdwHVOupVvkv5tNkvf/YGEU1CJg0VROuu68TGy4gynAo2KfYSzWJCx2TIuhYlCZn2stmoE3xsnQEOImWfNHjm/u7ISKh1Gvq2MiRmpJezqflf1k1McO1lXMaJYZLOPwoSgU2Ep3vjAVeMGpFaIFRxOyumI6IINfY6RXsEd3nlVWif1dyL2uWtW62fwlwFOIQjOAEXrqAON9CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB7YEj5U=</latexit>

VR2

<latexit sha1_base64="DF29G3QHqITZktJJbbqnorsna4Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16ibaCBym7RdFjwYvHKvYD2qVk02wbmmTXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qiSrNIPphxTH2BB5KFjGBjpXa52T2+71XLvWLJrbgzoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n87unaBTq/RRGClb0qCZ+nsixULrsQhsp8BmqBe9qfif10lMeO2nTMaJoZLMF4UJRyZC0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmlWK95F5fKuWqqdZ3Hk4QhO4Aw8uIIa3EIdGkCAwzO8wpvz6Lw4787HvDXnZDOH8AfO5w86g464</latexit>

VR2

<latexit sha1_base64="DF29G3QHqITZktJJbbqnorsna4Q=">AAAB73icbVBNSwMxEJ2tX7V+VT16ibaCBym7RdFjwYvHKvYD2qVk02wbmmTXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qiSrNIPphxTH2BB5KFjGBjpXa52T2+71XLvWLJrbgzoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n87unaBTq/RRGClb0qCZ+nsixULrsQhsp8BmqBe9qfif10lMeO2nTMaJoZLMF4UJRyZC0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmlWK95F5fKuWqqdZ3Hk4QhO4Aw8uIIa3EIdGkCAwzO8wpvz6Lw4787HvDXnZDOH8AfO5w86g464</latexit>

VR1

<latexit sha1_base64="0L7/uS+LjmyDNIPhL9ndcP8idak=">AAAB7XicbZDNSgMxFIUTf2qtVqtduokWwYWUGVF0WXDjsoqdFjpDyaSZNjaTDElGGIa+gxsXirj1fdz5MILpz0JbDwQ+zrmX3HvDhDNtHOcLrqyurRc2ipulre3yzm5lb9/TMlWEtojkUnVCrClngrYMM5x2EkVxHHLaDkfXk7z9SJVmUtybLKFBjAeCRYxgYy3P8w/vem6vUnPqzlRoGdw51BrQr36XC1mzV/n0+5KkMRWGcKx113USE+RYGUY4HZf8VNMEkxEe0K5FgWOqg3w67RgdW6ePIqnsEwZN3d8dOY61zuLQVsbYDPViNjH/y7qpia6CnIkkNVSQ2UdRypGRaLI66jNFieGZBUwUs7MiMsQKE2MPVLJHcBdXXgbvrO6e1y9u3VrjFMxUBAfgCJwAF1yCBrgBTdACBDyAJ/ACXqGEz/ANvs9KV+C8pwr+CH78AHv/kJM=</latexit>

VR1

<latexit sha1_base64="0L7/uS+LjmyDNIPhL9ndcP8idak=">AAAB7XicbZDNSgMxFIUTf2qtVqtduokWwYWUGVF0WXDjsoqdFjpDyaSZNjaTDElGGIa+gxsXirj1fdz5MILpz0JbDwQ+zrmX3HvDhDNtHOcLrqyurRc2ipulre3yzm5lb9/TMlWEtojkUnVCrClngrYMM5x2EkVxHHLaDkfXk7z9SJVmUtybLKFBjAeCRYxgYy3P8w/vem6vUnPqzlRoGdw51BrQr36XC1mzV/n0+5KkMRWGcKx113USE+RYGUY4HZf8VNMEkxEe0K5FgWOqg3w67RgdW6ePIqnsEwZN3d8dOY61zuLQVsbYDPViNjH/y7qpia6CnIkkNVSQ2UdRypGRaLI66jNFieGZBUwUs7MiMsQKE2MPVLJHcBdXXgbvrO6e1y9u3VrjFMxUBAfgCJwAF1yCBrgBTdACBDyAJ/ACXqGEz/ANvs9KV+C8pwr+CH78AHv/kJM=</latexit>

VR3

<latexit sha1_base64="YuizKFTZQne9lhBJw54q6sNgcPI=">AAAB7XicbZDLSgMxFIaTqrVWq9Uu3USL4ELKjBd0WXDjsoq9QGcomTTTxmaSIckIw9B3cONCEbe+jzsfRjC9LLT1h8DH/59DzjlBzJk2jvMFcyura/n1wkZxc6u0vVPe3WtpmShCm0RyqToB1pQzQZuGGU47saI4CjhtB6PrSd5+pEozKe5NGlM/wgPBQkawsVar5R3c9c565apTc6ZCy+DOoVqHXuW7lE8bvfKn15ckiagwhGOtu64TGz/DyjDC6bjoJZrGmIzwgHYtChxR7WfTacfoyDp9FEplnzBo6v7uyHCkdRoFtjLCZqgXs4n5X9ZNTHjlZ0zEiaGCzD4KE46MRJPVUZ8pSgxPLWCimJ0VkSFWmBh7oKI9gru48jK0Tmvuee3i1q3WT8BMBbAPDsExcMElqIMb0ABNQMADeAIv4BVK+Azf4PusNAfnPRXwR/DjB38HkJU=</latexit>

VR3

<latexit sha1_base64="YuizKFTZQne9lhBJw54q6sNgcPI=">AAAB7XicbZDLSgMxFIaTqrVWq9Uu3USL4ELKjBd0WXDjsoq9QGcomTTTxmaSIckIw9B3cONCEbe+jzsfRjC9LLT1h8DH/59DzjlBzJk2jvMFcyura/n1wkZxc6u0vVPe3WtpmShCm0RyqToB1pQzQZuGGU47saI4CjhtB6PrSd5+pEozKe5NGlM/wgPBQkawsVar5R3c9c565apTc6ZCy+DOoVqHXuW7lE8bvfKn15ckiagwhGOtu64TGz/DyjDC6bjoJZrGmIzwgHYtChxR7WfTacfoyDp9FEplnzBo6v7uyHCkdRoFtjLCZqgXs4n5X9ZNTHjlZ0zEiaGCzD4KE46MRJPVUZ8pSgxPLWCimJ0VkSFWmBh7oKI9gru48jK0Tmvuee3i1q3WT8BMBbAPDsExcMElqIMb0ABNQMADeAIv4BVK+Azf4PusNAfnPRXwR/DjB38HkJU=</latexit>

low (log)

<latexit sha1_base64="CItdmDb+cwF5IzFIAQh26FaQq1I=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAiSNgNih4DXjxGMA9JljA7mU2GzGOZmVVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/Wbj1QbpuS9HSU0FLgvWcwItk564OoJlbjqn3ULRb/sz4CWSZCRImSodQtfnZ4iqaDSEo6NaQd+YsMx1pYRTif5TmpogskQ92nbUYkFNeF4dvAEnTqlh2KlXUmLZurviTEWxoxE5DoFtgOz6E3F/7x2auPrcMxkkloqyXxRnHJkFZp+j3pMU2L5yBFMNHO3IjLAGhPrMsq7EILFl5dJo1IOLsqXd5Vi9TyLIwfHcAIlCOAKqnALNagDAQHP8ApvnvZevHfvY9664mUzR/AH3ucP8+aPyQ==</latexit>

low (log)

<latexit sha1_base64="CItdmDb+cwF5IzFIAQh26FaQq1I=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAiSNgNih4DXjxGMA9JljA7mU2GzGOZmVVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/Wbj1QbpuS9HSU0FLgvWcwItk564OoJlbjqn3ULRb/sz4CWSZCRImSodQtfnZ4iqaDSEo6NaQd+YsMx1pYRTif5TmpogskQ92nbUYkFNeF4dvAEnTqlh2KlXUmLZurviTEWxoxE5DoFtgOz6E3F/7x2auPrcMxkkloqyXxRnHJkFZp+j3pMU2L5yBFMNHO3IjLAGhPrMsq7EILFl5dJo1IOLsqXd5Vi9TyLIwfHcAIlCOAKqnALNagDAQHP8ApvnvZevHfvY9664mUzR/AH3ucP8+aPyQ==</latexit>

high (lin)

<latexit sha1_base64="VIw9duuy1BfCSGKSTB0tSpxdNOA=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkWoIGWmKLosuHFZwT6wHUomzXRCM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcQ+49fiK4No7zjQpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhV1yeaCS5Zy3AjWDdRjES+YB1/fDvzO09MaR7LBzNJmBeRkeQBp8RY6THkoxBXbfh8UK44NWcOvErcnFQgR3NQ/uoPY5pGTBoqiNY910mMlxFlOBVsWuqnmiWEjsmI9SyVJGLay+YbT/GZVYY4iJV90uC5+juRkUjrSeTbyYiYUC97M/E/r5ea4MbLuExSwyRdfBSkApsYz87HQ64YNWJiCaGK210xDYki1NiSSrYEd/nkVdKu19zL2tV9vdK4yOsowgmcQhVcuIYG3EETWkBBwjO8whvS6AW9o4/FaAHlmWP4A/T5A5OekCI=</latexit>

high (lin)

<latexit sha1_base64="VIw9duuy1BfCSGKSTB0tSpxdNOA=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkWoIGWmKLosuHFZwT6wHUomzXRCM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcQ+49fiK4No7zjQpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhV1yeaCS5Zy3AjWDdRjES+YB1/fDvzO09MaR7LBzNJmBeRkeQBp8RY6THkoxBXbfh8UK44NWcOvErcnFQgR3NQ/uoPY5pGTBoqiNY910mMlxFlOBVsWuqnmiWEjsmI9SyVJGLay+YbT/GZVYY4iJV90uC5+juRkUjrSeTbyYiYUC97M/E/r5ea4MbLuExSwyRdfBSkApsYz87HQ64YNWJiCaGK210xDYki1NiSSrYEd/nkVdKu19zL2tV9vdK4yOsowgmcQhVcuIYG3EETWkBBwjO8whvS6AW9o4/FaAHlmWP4A/T5A5OekCI=</latexit>

mid (lin)

<latexit sha1_base64="1atG8MgHDepFJkG7n22mJdIO9+o=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcpMUXRZcOOygn1IO5RMJtOGJpkhyQhl6Fe4caGIWz/HnX9j2s5CWw8EDufcQ+49QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfDvzO09UaRbLBzNJqC/wULKIEWys9ChYiKo2ez4oV9yaOwdaJV5OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepRILqv1svvAUnVklRFGs7JMGzdXfiQwLrScisJMCm5Fe9mbif14vNdGNnzGZpIZKsvgoSjkyMZpdj0KmKDF8YgkmitldERlhhYmxHZVsCd7yyaukXa95l7Wr+3qlcZHXUYQTOIUqeHANDbiDJrSAgIBneIU3RzkvzrvzsRgtOHnmGP7A+fwB0HGPsg==</latexit>

mid (lin)

<latexit sha1_base64="1atG8MgHDepFJkG7n22mJdIO9+o=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcpMUXRZcOOygn1IO5RMJtOGJpkhyQhl6Fe4caGIWz/HnX9j2s5CWw8EDufcQ+49QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfDvzO09UaRbLBzNJqC/wULKIEWys9ChYiKo2ez4oV9yaOwdaJV5OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepRILqv1svvAUnVklRFGs7JMGzdXfiQwLrScisJMCm5Fe9mbif14vNdGNnzGZpIZKsvgoSjkyMZpdj0KmKDF8YgkmitldERlhhYmxHZVsCd7yyaukXa95l7Wr+3qlcZHXUYQTOIUqeHANDbiDJrSAgIBneIU3RzkvzrvzsRgtOHnmGP7A+fwB0HGPsg==</latexit>

Figure 4: Schematic for the FMV Tone Stack.

Tone Stack and corresponds to the parametric tone section com-
monly found in Fender, Marshall and Vox guitar amplifiers, hence
its name. As reported in [35], the user-facing parameters in the
FMV tone stack are non-orthogonal, which results in a compli-
cated parametric frequency response.

We begin our analysis of the circuit by defining the equivalent
representation shown in Fig. 5, where resistors

R1 = VR1, R2 = lVR2 + (1−m)VR3 and R3 = mVR3

are defined in terms of the the user-facing parameters l (low) and
m (mid) ranging between [0, 1]. Next, we identify the three loops
or meshes in the circuit, labeled ii−3 and highlighted in dark red
in the schematic. Mesh i1, denoted in Fig. 5 with the help of a
dashed line, consists of Vin, R4, C3 and R3. Using mesh current
analysis we can derive a state-space representation of the circuit in
terms of these three mesh currents, which can be written as

Ai̇(t) +Bi(t) = u̇(t) (12)
Vout(t) = Ci(t), (13)

where

i = [i1, i2, i3]
T , u = [Vin, 0, 0]

T , (14)

A =

R3 +R4 −R4 0
R4 −(R1 +R4) 0
0 0 −R2

 , (15)

B =

1/C3 0 −1/C3

0 −(1/C1 + 1/C2) 1/C2

1/C3 1/C2 −(1/C2 + 1/C3)

 , (16)

and C = [mVR3, hVR1, R2]. Parameter h corresponds to the
high control and also ranges from [0, 1]. As before, equation (12)
is discretized using the trapezoidal rule, which after some alge-
braic manipulations, gives us the discrete-time expression

in =

(
I +

A−1BTs

2

)−1 [(
I − A−1BTs

2

)
in−1 (17)

+A−1 (un − un−1) ],
where I is the identity matrix. The output to the tone stack is then
computed through (13) as V n

out = C in.

Vin
<latexit sha1_base64="R2pAj9VodRLvJduYnZ9ri8vZfl4=">AAAB83icbVBNS8NAEJ34WetXrUcvwVLwICXxot4KXjxWMG2hDWWz2bRLN5u4OymW0N/hxYOKV/+Dv8Gb/8btx0FbHww83pthZl6QCq7Rcb6ttfWNza3twk5xd2//4LB0VG7qJFOUeTQRiWoHRDPBJfOQo2DtVDESB4K1guHN1G+NmNI8kfc4Tpkfk77kEacEjeQ3e11kj5ilOZeTXqni1JwZ7FXiLkilXg6rnwDQ6JW+umFCs5hJpIJo3XGdFP2cKORUsEmxm2mWEjokfdYxVJKYaT+fHT2xq0YJ7ShRpiTaM/X3RE5ircdxYDpjggO97E3F/7xOhtGVb/5JM2SSzhdFmbAxsacJ2CFXjKIYG0Ko4uZWmw6IIhRNTkUTgrv88irxLmrXNefOrdTPYY4CnMApnIELl1CHW2iABxQe4Ale4NUaWc/Wm/U+b12zFjPH8AfWxw/7PZPb</latexit>

Vin
<latexit sha1_base64="R2pAj9VodRLvJduYnZ9ri8vZfl4=">AAAB83icbVBNS8NAEJ34WetXrUcvwVLwICXxot4KXjxWMG2hDWWz2bRLN5u4OymW0N/hxYOKV/+Dv8Gb/8btx0FbHww83pthZl6QCq7Rcb6ttfWNza3twk5xd2//4LB0VG7qJFOUeTQRiWoHRDPBJfOQo2DtVDESB4K1guHN1G+NmNI8kfc4Tpkfk77kEacEjeQ3e11kj5ilOZeTXqni1JwZ7FXiLkilXg6rnwDQ6JW+umFCs5hJpIJo3XGdFP2cKORUsEmxm2mWEjokfdYxVJKYaT+fHT2xq0YJ7ShRpiTaM/X3RE5ircdxYDpjggO97E3F/7xOhtGVb/5JM2SSzhdFmbAxsacJ2CFXjKIYG0Ko4uZWmw6IIhRNTkUTgrv88irxLmrXNefOrdTPYY4CnMApnIELl1CHW2iABxQe4Ale4NUaWc/Wm/U+b12zFjPH8AfWxw/7PZPb</latexit>

R4

<latexit sha1_base64="XOGt5V1IscojkcdyktyJzHIKoeQ=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM1LRZcGNy/rTWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvzx1TR/eGRK80jemzRmXkiGkgecEmOtu9t+vV+uOjVnJrwK7gKqDdSrfJfyabNf/uwNIpqETBoqiNZd14mNlxFlOBVsUuwlmsWEjsmQdS1KEjLtZbNRJ/jYOgMcRMo+afDM/d2RkVDrNPRtZUjMSC9nU/O/rJuY4NLLuIwTwySdfxQkApsIT/fGA64YNSK1QKjidlZMR0QRaux1ivYI7vLKq9A+q7n12vmNW22cwlwFOIQjOAEXLqAB19CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB85ij6U=</latexit>

R4

<latexit sha1_base64="XOGt5V1IscojkcdyktyJzHIKoeQ=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM1LRZcGNy/rTWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvzx1TR/eGRK80jemzRmXkiGkgecEmOtu9t+vV+uOjVnJrwK7gKqDdSrfJfyabNf/uwNIpqETBoqiNZd14mNlxFlOBVsUuwlmsWEjsmQdS1KEjLtZbNRJ/jYOgMcRMo+afDM/d2RkVDrNPRtZUjMSC9nU/O/rJuY4NLLuIwTwySdfxQkApsIT/fGA64YNSK1QKjidlZMR0QRaux1ivYI7vLKq9A+q7n12vmNW22cwlwFOIQjOAEXLqAB19CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB85ij6U=</latexit>

C1

<latexit sha1_base64="ZejtfbeywtYfJTjyCGhM4m1xE1Y=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM6LostCNy4r2B9qhZNJMG5rJDElGGIY+ghsXirj1idz5MILpz0JbDwQ+zrmX3Hv9WHBtHOcL5TY2t/LbhZ3i7l5p/6B8eNTWUaIoa9FIRKrrE80El6xluBGsGytGQl+wjj9pzPLOI1OaR/LBpDHzQjKSPOCUGGvdNwbuoFx1as5ceB3cJVTrqF/5LuXT5qD82R9GNAmZNFQQrXuuExsvI8pwKti02E80iwmdkBHrWZQkZNrL5qNO8al1hjiIlH3S4Ln7uyMjodZp6NvKkJixXs1m5n9ZLzHBjZdxGSeGSbr4KEgENhGe7Y2HXDFqRGqBUMXtrJiOiSLU2OsU7RHc1ZXXoX1Rcy9rV3dutX4OCxXgGE7gDFy4hjrcQhNaQGEET/ACr0igZ/SG3helObTsqcAfoY8fsvyPkw==</latexit>

C1

<latexit sha1_base64="ZejtfbeywtYfJTjyCGhM4m1xE1Y=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM6LostCNy4r2B9qhZNJMG5rJDElGGIY+ghsXirj1idz5MILpz0JbDwQ+zrmX3Hv9WHBtHOcL5TY2t/LbhZ3i7l5p/6B8eNTWUaIoa9FIRKrrE80El6xluBGsGytGQl+wjj9pzPLOI1OaR/LBpDHzQjKSPOCUGGvdNwbuoFx1as5ceB3cJVTrqF/5LuXT5qD82R9GNAmZNFQQrXuuExsvI8pwKti02E80iwmdkBHrWZQkZNrL5qNO8al1hjiIlH3S4Ln7uyMjodZp6NvKkJixXs1m5n9ZLzHBjZdxGSeGSbr4KEgENhGe7Y2HXDFqRGqBUMXtrJiOiSLU2OsU7RHc1ZXXoX1Rcy9rV3dutX4OCxXgGE7gDFy4hjrcQhNaQGEET/ACr0igZ/SG3helObTsqcAfoY8fsvyPkw==</latexit>

C2

<latexit sha1_base64="W6zSDqxtQrn7FrqG6LyNSl1mQE0=">AAAB6nicbZDLSgMxFIZPvNRarVa7dBMsggspM0XRZaEblxXtBdqhZNJMG5rJDElGGIY+ghsXirj1idz5MILpZaGtPwQ+/v8ccs7xY8G1cZwvtLG5tZ3bye8W9vaLB4elo+O2jhJFWYtGIlJdn2gmuGQtw41g3VgxEvqCdfxJY5Z3HpnSPJIPJo2ZF5KR5AGnxFjrvjGoDUoVp+rMhdfBXUKljvrl72IubQ5Kn/1hRJOQSUMF0brnOrHxMqIMp4JNC/1Es5jQCRmxnkVJQqa9bD7qFJ9ZZ4iDSNknDZ67vzsyEmqdhr6tDIkZ69VsZv6X9RIT3HgZl3FimKSLj4JEYBPh2d54yBWjRqQWCFXczorpmChCjb1OwR7BXV15Hdq1qntZvbpzK/ULWCgPJ3AK5+DCNdThFprQAgojeIIXeEUCPaM39L4o3UDLnjL8Efr4AbSAj5Q=</latexit>

C2

<latexit sha1_base64="W6zSDqxtQrn7FrqG6LyNSl1mQE0=">AAAB6nicbZDLSgMxFIZPvNRarVa7dBMsggspM0XRZaEblxXtBdqhZNJMG5rJDElGGIY+ghsXirj1idz5MILpZaGtPwQ+/v8ccs7xY8G1cZwvtLG5tZ3bye8W9vaLB4elo+O2jhJFWYtGIlJdn2gmuGQtw41g3VgxEvqCdfxJY5Z3HpnSPJIPJo2ZF5KR5AGnxFjrvjGoDUoVp+rMhdfBXUKljvrl72IubQ5Kn/1hRJOQSUMF0brnOrHxMqIMp4JNC/1Es5jQCRmxnkVJQqa9bD7qFJ9ZZ4iDSNknDZ67vzsyEmqdhr6tDIkZ69VsZv6X9RIT3HgZl3FimKSLj4JEYBPh2d54yBWjRqQWCFXczorpmChCjb1OwR7BXV15Hdq1qntZvbpzK/ULWCgPJ3AK5+DCNdThFprQAgojeIIXeEUCPaM39L4o3UDLnjL8Efr4AbSAj5Q=</latexit>

C3

<latexit sha1_base64="ITvkNPR2954eCEjsZrCfKsmig8M=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM/6gy0I3LivaWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvxxY5o/PDKleSTvTRozLyRDyQNOibHWXaN/3i9XnZozE14FdwHVOupVvkv5tNkvf/YGEU1CJg0VROuu68TGy4gynAo2KfYSzWJCx2TIuhYlCZn2stmoE3xsnQEOImWfNHjm/u7ISKh1Gvq2MiRmpJezqflf1k1McO1lXMaJYZLOPwoSgU2Ep3vjAVeMGpFaIFRxOyumI6IINfY6RXsEd3nlVWif1dyL2uWtW62fwlwFOIQjOAEXrqAON9CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB7YEj5U=</latexit>

C3

<latexit sha1_base64="ITvkNPR2954eCEjsZrCfKsmig8M=">AAAB6nicbZDNSgMxFIVvqtZarVa7dBMsggspM/6gy0I3LivaWmiHkkkzbWgmMyQZYRj6CG5cKOLWJ3LnwwimPwttPRD4OOdecu/1Y8G1cZwvlFtb38hvFraK2zul3b3y/kFbR4mirEUjEamOTzQTXLKW4UawTqwYCX3BHvxxY5o/PDKleSTvTRozLyRDyQNOibHWXaN/3i9XnZozE14FdwHVOupVvkv5tNkvf/YGEU1CJg0VROuu68TGy4gynAo2KfYSzWJCx2TIuhYlCZn2stmoE3xsnQEOImWfNHjm/u7ISKh1Gvq2MiRmpJezqflf1k1McO1lXMaJYZLOPwoSgU2Ep3vjAVeMGpFaIFRxOyumI6IINfY6RXsEd3nlVWif1dyL2uWtW62fwlwFOIQjOAEXrqAON9CEFlAYwhO8wCsS6Bm9ofd5aQ4teirwR+jjB7YEj5U=</latexit>

R1

<latexit sha1_base64="Oe/hwwEwfeAzFjIAFONCVu6GlfM=">AAAB6nicbZDLSgMxFIZPqtZarVa7dBMsggspM6LosuDGZb30Au1QMmmmDc1khiQjDEMfwY0LRdz6RO58GMH0stDWHwIf/38OOef4seDaOM4Xyq2tb+Q3C1vF7Z3S7l55/6Clo0RR1qSRiFTHJ5oJLlnTcCNYJ1aMhL5gbX98Pc3bj0xpHskHk8bMC8lQ8oBTYqx1f9d3++WqU3NmwqvgLqBaR73KdymfNvrlz94goknIpKGCaN11ndh4GVGGU8EmxV6iWUzomAxZ16IkIdNeNht1go+tM8BBpOyTBs/c3x0ZCbVOQ99WhsSM9HI2Nf/LuokJrryMyzgxTNL5R0EisInwdG884IpRI1ILhCpuZ8V0RBShxl6naI/gLq+8Cq2zmnteu7h1q/VTmKsAh3AEJ+DCJdThBhrQBApDeIIXeEUCPaM39D4vzaFFTwX+CH38AMnWj6I=</latexit>

R1

<latexit sha1_base64="Oe/hwwEwfeAzFjIAFONCVu6GlfM=">AAAB6nicbZDLSgMxFIZPqtZarVa7dBMsggspM6LosuDGZb30Au1QMmmmDc1khiQjDEMfwY0LRdz6RO58GMH0stDWHwIf/38OOef4seDaOM4Xyq2tb+Q3C1vF7Z3S7l55/6Clo0RR1qSRiFTHJ5oJLlnTcCNYJ1aMhL5gbX98Pc3bj0xpHskHk8bMC8lQ8oBTYqx1f9d3++WqU3NmwqvgLqBaR73KdymfNvrlz94goknIpKGCaN11ndh4GVGGU8EmxV6iWUzomAxZ16IkIdNeNht1go+tM8BBpOyTBs/c3x0ZCbVOQ99WhsSM9HI2Nf/LuokJrryMyzgxTNL5R0EisInwdG884IpRI1ILhCpuZ8V0RBShxl6naI/gLq+8Cq2zmnteu7h1q/VTmKsAh3AEJ+DCJdThBhrQBApDeIIXeEUCPaM39D4vzaFFTwX+CH38AMnWj6I=</latexit>

R2

<latexit sha1_base64="Xk9FSPlLvEqF3Yi2s1BGzkECvUo=">AAAB6nicbZDLSgMxFIZPvNRarVa7dBMsggspM0XRZcGNy3rpBdqhZNJMG5rJDElGGIY+ghsXirj1idz5MILpZaGtPwQ+/v8ccs7xY8G1cZwvtLa+sZnbym8XdnaLe/ulg8OWjhJFWZNGIlIdn2gmuGRNw41gnVgxEvqCtf3x9TRvPzKleSQfTBozLyRDyQNOibHW/V2/1i9VnKozE14FdwGVOuqVv4u5tNEvffYGEU1CJg0VROuu68TGy4gynAo2KfQSzWJCx2TIuhYlCZn2stmoE3xinQEOImWfNHjm/u7ISKh1Gvq2MiRmpJezqflf1k1McOVlXMaJYZLOPwoSgU2Ep3vjAVeMGpFaIFRxOyumI6IINfY6BXsEd3nlVWjVqu559eLWrdTPYK48HMExnIILl1CHG2hAEygM4Qle4BUJ9Ize0Pu8dA0tesrwR+jjB8taj6M=</latexit>

R2

<latexit sha1_base64="Xk9FSPlLvEqF3Yi2s1BGzkECvUo=">AAAB6nicbZDLSgMxFIZPvNRarVa7dBMsggspM0XRZcGNy3rpBdqhZNJMG5rJDElGGIY+ghsXirj1idz5MILpZaGtPwQ+/v8ccs7xY8G1cZwvtLa+sZnbym8XdnaLe/ulg8OWjhJFWZNGIlIdn2gmuGRNw41gnVgxEvqCtf3x9TRvPzKleSQfTBozLyRDyQNOibHW/V2/1i9VnKozE14FdwGVOuqVv4u5tNEvffYGEU1CJg0VROuu68TGy4gynAo2KfQSzWJCx2TIuhYlCZn2stmoE3xinQEOImWfNHjm/u7ISKh1Gvq2MiRmpJezqflf1k1McOVlXMaJYZLOPwoSgU2Ep3vjAVeMGpFaIFRxOyumI6IINfY6BXsEd3nlVWjVqu559eLWrdTPYK48HMExnIILl1CHG2hAEygM4Qle4BUJ9Ize0Pu8dA0tesrwR+jjB8taj6M=</latexit>

R3

<latexit sha1_base64="cQX7V8dWhbUKrw1a0P9zMx3uJ7c=">AAAB6nicbVDJSgNBEK12iTEajebopTEIHiTMuKDHgBePcckCyRB6Oj1Jk56eobtHGIZ8ghcPinj1i7z5MYKd5aCJDwoe71VRVc+PBdfGcb7Qyuraem4jv1nY2i7u7Jb29ps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8kfXE7/1yJTmkXwwacy8kAwkDzglxkr3d72zXqniVJ0p8DJx56RSQ93ydzGX1nulz24/oknIpKGCaN1xndh4GVGGU8HGhW6iWUzoiAxYx1JJQqa9bHrqGB9ZpY+DSNmSBk/V3xMZCbVOQ992hsQM9aI3Ef/zOokJrryMyzgxTNLZoiAR2ER48jfuc8WoEaklhCpub8V0SBShxqZTsCG4iy8vk+Zp1T2vXtzaNE5ghjwcwCEcgwuXUIMbqEMDKAzgCV7gFQn0jN7Q+6x1Bc1nyvAH6OMHzI6Pow==</latexit>

R3

<latexit sha1_base64="cQX7V8dWhbUKrw1a0P9zMx3uJ7c=">AAAB6nicbVDJSgNBEK12iTEajebopTEIHiTMuKDHgBePcckCyRB6Oj1Jk56eobtHGIZ8ghcPinj1i7z5MYKd5aCJDwoe71VRVc+PBdfGcb7Qyuraem4jv1nY2i7u7Jb29ps6ShRlDRqJSLV9opngkjUMN4K1Y8VI6AvW8kfXE7/1yJTmkXwwacy8kAwkDzglxkr3d72zXqniVJ0p8DJx56RSQ93ydzGX1nulz24/oknIpKGCaN1xndh4GVGGU8HGhW6iWUzoiAxYx1JJQqa9bHrqGB9ZpY+DSNmSBk/V3xMZCbVOQ992hsQM9aI3Ef/zOokJrryMyzgxTNLZoiAR2ER48jfuc8WoEaklhCpub8V0SBShxqZTsCG4iy8vk+Zp1T2vXtzaNE5ghjwcwCEcgwuXUIMbqEMDKAzgCV7gFQn0jN7Q+6x1Bc1nyvAH6OMHzI6Pow==</latexit>

i1

<latexit sha1_base64="VqgoefTeNeDgo2xb2389Brcagrw="></latexit>

i1

<latexit sha1_base64="VqgoefTeNeDgo2xb2389Brcagrw="></latexit>

i2

<latexit sha1_base64="beIvxUgmd0tNV/m1B8IyEuecoD0=">AAACCHicdVDLSgMxFM34qLVarXbpJlgEF2WYKX3uCm5cVrQPmBlKJs20oZkHSUYoQ39AcKu/4U7c+hf+hT8gmJlWUNEDSQ73npuTHDdiVEjDeNM2Nre2czv53cLefvHgsHR0PBBhzDHp45CFfOQiQRgNSF9Sycgo4gT5LiNDd36R9oe3hAsaBjdyERHHR9OAehQjqUrXdFwblyqG3qzVG40WNHQjQ0razY7Zgea6UulqdvmjmFv0xqV3exLi2CeBxAwJYZlGJJ0EcUkxI8uCHQsSITxHU2IpGiCfCCfJnrq0s8PiU9dJUtdGNbNM93ZrCc+UfgK9kKsVSJiJv9+XIF+Ihe8qpY/kTPzupcW/elYsvbaT0CCKJQnwysiLGZQhTFOBE8oJlmyhCMKcqp9APEMcYamyK6iIvnKA/5NBTTfreuPKrHSrYIU8OAGn4ByYoAW64BL0QB9gMAX34AE8anfak/asvaykG9p6pgx+QHv9BKW+mVA=</latexit>

i2

<latexit sha1_base64="beIvxUgmd0tNV/m1B8IyEuecoD0=">AAACCHicdVDLSgMxFM34qLVarXbpJlgEF2WYKX3uCm5cVrQPmBlKJs20oZkHSUYoQ39AcKu/4U7c+hf+hT8gmJlWUNEDSQ73npuTHDdiVEjDeNM2Nre2czv53cLefvHgsHR0PBBhzDHp45CFfOQiQRgNSF9Sycgo4gT5LiNDd36R9oe3hAsaBjdyERHHR9OAehQjqUrXdFwblyqG3qzVG40WNHQjQ0razY7Zgea6UulqdvmjmFv0xqV3exLi2CeBxAwJYZlGJJ0EcUkxI8uCHQsSITxHU2IpGiCfCCfJnrq0s8PiU9dJUtdGNbNM93ZrCc+UfgK9kKsVSJiJv9+XIF+Ihe8qpY/kTPzupcW/elYsvbaT0CCKJQnwysiLGZQhTFOBE8oJlmyhCMKcqp9APEMcYamyK6iIvnKA/5NBTTfreuPKrHSrYIU8OAGn4ByYoAW64BL0QB9gMAX34AE8anfak/asvaykG9p6pgx+QHv9BKW+mVA=</latexit>

i3

<latexit sha1_base64="v22/mu8vs/Uois3bf6lQB1ZxZMU="></latexit>

i3

<latexit sha1_base64="v22/mu8vs/Uois3bf6lQB1ZxZMU="></latexit>

Figure 5: Equivalent representation of the FMV Tone Stack.

3.1.1. Training and Results

In the same way as with the simple first-order RC filter, the pro-
posed digital FMV tone stack can be trained to fit a set of input–
output measurements from a real device. As before, we introduce
scaling factors for each of the circuit components in the circuit,
i.e. GVR1, GVR2, GVR3, GR4, GC1, GC2 and GC3, and redefine ma-
trices A, B and C accordingly. Reference recordings were per-
formed on the tone stack section of a Marshall-style guitar ampli-
fier at six different user parameter settings. This was done with-
out having to physically alter the real circuit by simply attaching
crocodile clips to the leg of R4 that connects with C1, and to the
wiper of VR1. Recordings were performed following the proce-
dure described in Sec. 2.2.1. This data was used to train an FMV
tone stack model initialized with the component values published
in [35] and shown in the second column of Table 1.

To account for the logarithmic curve of potentiometer VR2 a
small two-layer network of width one with a tanh activation was
used to map the measured knob position to model parameter l. The
input–output relationship of this small network is given by

fv(x) = w1 tanh(w2x+ b2) + b1, (18)

where w1−2 and b1−2 are the weights and biases in each layer
respectively. This small network has the same form as the gen-
eral potentiometer mapping function proposed by Holmes and van
Walstijn in [36]. Therefore, we initialized its weights and biases
with the values proposed in said work (also shown in Table 1) and

Value
Name (λ) Initial Learned Gλ

VR1 250 kΩ 312 kΩ 1.2498
VR2 1 MΩ 616 kΩ 0.6164
VR3 25 kΩ 32 kΩ 1.2836
R4 56 kΩ 29 kΩ 0.9081
C1 250 pF 327.5 pF 1.3102
C2 20 nF 17.3 nF 0.8652
C3 20 nF 16.8 nF 0.8408
w1 0.566 0.5036 –
w2 4.400 4.2547 –
b1 −3.380 −3.3351 –
b2 0.564 0.5016 –

Table 1: Intial and learned values for the FMV Tone Stack Model.
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Figure 6: Magnitude response of the FMV tone stack for two dif-
ferent parameter settings before and after training, plotted against
their corresponding target responses.

trained it in conjunction with the rest of the model parameters.
The tone stack model was trained for 100 epochs on the mea-

sured dataset. Figure 6 shows the magnitude response of the model
before and after training for two different parameter settings. As
shown by these results, the trained model achieves a better approx-
imation of the target response w.r.t. its initial state. Learned param-
eters and scaling factors can be found in columns 3 and 4 of Table
1. This example demonstrates the ability of differentiable circuit
models to handle user-facing parameters. An additional advantage
of this differentiable model is that it can be easily integrated into
a larger deep learning-based guitar amplifier modeling system, for
instance, one where either STNs [24] or RNNs [21] are used to
model the preamp and power amp sections.

3.2. Case Study: Ibanez TS-808 Overdrive Stage

As a final case study, we consider the nonlinear circuit shown in
Figure 7, which corresponds to the overdrive stage of the Ibanez
TS-808 guitar pedal. This circuit is configured as a non-inverting
bandpass filter with clipping diodes in the feedback loop. In order
to derive its governing ODE, we make use of the equation

ID = Is

(
e

VD
ηVT − 1

)
, (19)

which describes the current-voltage relationship of a p–n junction.
Parameters ID and VD are the current through and voltage across
the diode, respectively, Is is the reverse bias saturation current,
VT is the thermal voltage and η is the ideality factor of the diode,
which typically ranges between 1 and 2 for a silicone diode.

Applying KVL and KCL to the circuit and using the substitu-

-
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Figure 7: Schematic for the TS-808 Overdrive Stage

tion V = Vout − Vin gives us the system equations

V̇x = V̇in −
Vx

R1C1
and

V̇ =
Vx

R1C2
− V

RFC2
− 1

C1

(
Is1e

β1V − Is2e
−β2V

)
, (20)

where RF = R2 + σVRD for σ ∈ [0, 1] and β = 1/ (ηVT).
The user-facing parameter σ controls the gain level of the ampli-
fier and hence the amount of overdrive. In [3], this same circuit is
analyzed under the assumption that both diodes are identical. This
leads to a more compact representation through the use of an ex-
ponential identity. In this work, we forego this simplification and
instead treat both diodes separately, as this will allow us to learn
any asymmetries in the system.

Discretizing the circuit equations using trapezoidal integration
gives the us the discrete-time recursions

V n
x =

V n
in − V n−1

in + (1− ρ)V n−1
x

1 + ρ
, (21)

and

V n = (1− ϕ)V n−1 − ϕV n − Ts

2C2

[
Is1

(
eβ1V

n

+ eβ1V
n−1

)
− Is2

(
e−β2V

n

+ e−β2V
n−1

)]
+ δV n

x , (22)

where

ρ =
Ts

2R1C1
, ϕ =

Ts

2RFC2
and δ =

Ts

2R1C2
. (23)

The output to the system is then given as V n
out = V n + V n

in . Since
(22) is implicit, it has to be resolved using an iterative root finding
method such as Newton-Raphson.

3.2.1. Training and Results

The derived discrete-time model of the Tube Screamer overdrive
circuit was implemented in PyTorch and, as in the previous exam-
ples, scaling factors were used for each of the nine model parame-
ters (shown in the first column of Table 2). The Newton-Raphson
method was used to iteratively resolve the implicit relation in the

DAFx.5

Proceedings of the 24th International Conference on Digital Audio Effects (DAFx20in21), Vienna, Austria, September 8-10, 2021

45



Proceedings of the 23rd International Conference on Digital Audio Effects (DAFx2020), Vienna, Austria, September 2020-21

0 2 4 6 8 10
(a) 

 Time (ms)

500

250

0

250

500

V
ol

ta
ge

 (V
)

Distortion: 50%

0 4 8 12 16 20
(b) 

 Time (ms)

500

250

0

250

500

V
ol

ta
ge

 (m
V

)

Distortion: 100%

Target Initial Model Trained Model

0 2 4 6 8 10
(c) 

 Time (s)

0

100

200

|E
rr

or
| (

m
V

)

0 4 8 12 16 20
(d) 

 Time (s)

0

100

200

|E
rr

or
| (

m
V

)

Figure 8: (a)–(b) Time domain response of the TS-808 model before and after training for two different parameter settings, plotted against
their corresponding target responses, and (c)–(d) the absolute value of the error between them.

model. Training data was generated by collecting input and output
measurements from a real TS-808 unit at three different overdrive
levels, namely 0, 50 and 100%. Measurements were performed by
attaching crocodile clips at the positive and output terminals of the
op-amp, and using the setup described in Sec. 2.2.1. A 2-minute
training signal composed by various segments of guitar, bass and
drum recordings was used. The measurement setup was calibrated
so that the maximum peak voltage seen at the input of the overdrive

Value
Name (λ) Initial Learned Gλ

R1 4.7 kΩ 4.49 kΩ. 0.9554
R2 51 kΩ 50.3 kΩ 0.9867
VRD 500 kΩ 513.1 kΩ 1.0262
C1 47 nF 51.7 nF 1.1001
C2 50 pF 52.6 pF 1.0520
Is1 2 nA 1.87 nA 0.9346
Is2 2 nA 1.88 nA 0.9423
β1 40.0 19.99 0.4999
β2 40.0 22.888 0.5722
w1 0.566 0.4663 –
w2 4.400 4.4138 –
b1 −3.380 −3.3668 –
b2 0.564 0.4643 –

Table 2: Intial and learned parameters for the TS-808 Overdrive
Stage model.

circuit was 200 mV, the same value used in [29]. A second dataset
calibrated to have a peak voltage level of 500 mV was generated
for validation. Model parameters were initialized according to the
component values presented in [3]2, with the exception of Is and
β, which where initialized to 2 nA and 1/25mV (η = 1)3, respec-
tively. Like in the FMV tone stack, a 2-layer network with a tanh
activation was used to account for the logarithmic relationship of
VRD.

The proposed model was trained for 100 epochs using 1024-
sample sequences and batch size 512. The MSE values of the
model before and after training were recorded as 6.4 × 10−3 and
1.5 × 10−3, respectively. Figures 8(a) and (b) show the time-
domain response of the Tube Screamer model at 50% and 100%
overdrive for a segment of the validation dataset before and after
training, plotted against the recorded waveforms. It is worth not-
ing that due to the topology of the circuit, the output waveform is
composed of a mix between the input and clipped signals. There-
fore, the processed waveforms do not appear clipped in the tradi-
tional sense. These results show the initial model exhibited a good
match during lower level passages but not throughout the entire
signal range, hinting, for instance, that the clipping threshold of
the diodes is wrong. This behavior is also exhibited in Figs. 8(c)
and (d), which show the absolute value of the difference (in Volts)
between the models and the reference measurements. The trained

2In [3], the diode ideality factor η is omitted from the model.
3According to several online sources, such as [37], the TS-808 circuit

uses MA150 silicone diodes. Since the parameters for this diode model are
not readily available, we initialize them to standard values and learn them
instead from the measured data.
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model, on the other hand, accurately follows the target waveform
at different amplitude levels and provides a better match of the tar-
get response, as indicated by the reduced and more uniform level
of error. Learned parameters and scaling factors can be found in
columns 3 and 4 of Table 2. These results show the model was
able to learn the asymmetric behavior of the diodes. As in the case
of the FMV tone stack, the model can be integrated into a larger
deep learning structure for end-to-end training.

The results from this nonlinear example validate the perfor-
mance of the proposed method for the case of nonlinear circuits.
Of particular interest in this example was the presence of an iter-
ative root solver, which PyTorch was able to handle without any
particular difficulties apart from resulting in considerably longer
training times than those in the previous examples. However, it
should be noted that the proposed method is independent of the
numerical method used to discretize the circuit. As with any white-
box VA model, the proposed method is limited by the accuracy of
the discretization method employed. However, given the nature of
the training process, the system will try to compensate for the ef-
fects of the discretization method by altering systems parameters.
This may be an advantage in some cases, but it is worth noting
this effect (along with the non-uniqueness of valid parameter val-
ues) means that the learnt parameter values may not exactly reflect
those present in the real circuit. This could be partially addressed
by making the discretization method parametric, and allowing it to
be optimised alongside the system parameters [38]. An evaluation
of the performance of different numerical methods in a differen-
tiable context is a broad topic that falls outside the scope of this
study and is therefore not examined any further.

4. CONCLUSIONS

In this work we introduced the concept of differentiable white-box
VA modeling, a technique that can be used to learn the parame-
ters of a circuit model from measurements of real devices. The
proposed technique uses backpropagation and can be applied to
both linear and nonlinear circuits in cases where components are
either wrong or not readily available. Three case studies were pre-
sented, a fixed RC lowpass filter, the parametric tone section of a
guitar amplifier and a nonlinear guitar overdrive circuit. We show
how the derived models are able to approximate the response of
the measured devices by learning optimal component values. The
proposed method is independent of the numerical method used
to discretize the ODEs of the circuit, which means a tailor-made
scheme that best fits the requirements of the target implementation
(e.g. in terms of CPU usage) can be used. The proposed differen-
tiable models can be integrated into larger deep learning systems
for end-to-end training.
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